Quantum limited measurements of atomic scattering properties 
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We propose a method to perform precision measurements of the interaction parameters in systems of N ultra- 
cold spin 1/2 atoms. The spectroscopy is realized by first creating a coherent spin superposition of the two 
relevant internal states of each atom and then letting the atoms evolve under a squeezing Hamiltonian. The 
non-linear nature of the Hamiltonian decreases the fundamental limit imposed by the Heisenberg uncertainty 
principle to 7V~ 2 , a factor of N smaller than the fundamental limit achievable with non-interacting atoms. 
We study the effect of decoherence and show that even with decoherence, entangled states can outperform the 
signal to noise limit of non-entangled states. We present two possible experimental implementations of the 
method using Bose-Einstein spinor condensates and fermionic atoms loaded in optical lattices and discuss their 
advantages and disadvantages. 



I. INTRODUCTION 

The preparation of many-particle entangled states is becom- 
ing a fundamental task in modern quantum physics. Entangle- 
ment lies at the heart of quantum communication and quan- 
tum information and is also a fundamental resource in preci- 
sion spectroscopy. With recent advances in the manipulation 
of trapped ions and neutral atoms, there has been significant 
progress in the preparation of many-body entanglement states 
in atomic gases JJ, [2, [H 0] ■ Such systems therefore offer rich 
opportunities to investigate new physics with both practical 
and fundamental applications. 

Here we propose an interferometric method that uses the 
entanglement that emerges during the many-body dynamics 
between interacting spinor atoms to perform precision mea- 
surements of their interatomic interaction strength, usually pa- 
rameterized by the ,s-wave scattering length. Our method is a 
many-body generalization of the technique reported in Ref. 
Jit], where information of the scattering properties was ob- 
tained by using the entanglement dynamics in pairs of atoms 
trapped in the ground state of a potential well. 

A precise determination of the scattering properties has 
broad and important applications beyond atomic physics. For 
example, Ref. Jfjl shows that such type of measurements 
might be useful for fundamental physics, as by monitoring 
the scattering length on the 10~ 2 level one could detect vari- 
ation in the electron to proton mass ratio on the level of 

lfr 11 - icr 14 . 

Standard Ramsey spectroscopy starts with a system of A 
non-interacting spin 1/2 particles initially prepared in the 
same internal state. Subsequently, a Ramsey pulse prepares 
it in a coherent superposition of the two internal states and the 
system is let to evolve freely for a time during which a rela- 
tive phase accumulates, <fi, due to the energy splitting between 
the two states. The latter is then decoded by using a second 
Ramsey pulse which maps the phase onto a population differ- 
ence, thus allowing to perform precision measurements of the 
atomic transition frequency. 

The statistical fluctuations associated with a finite sampling 
yields a lower limit in the phase accuracy 5<j) = y/T/N called 
the shot noise limit 10]. The Heisenberg uncertainty principle, 
however, allows for phase accuracies consistent with the basic 



principles of quantum mechanics, as low as 5qt> — 1/A, called 
the Heisenberg limit. The latter can be achieved by using ini- 
tially entangled atoms instead of a polarized sample (H). 

Here we propose a spectroscopy technique which aims to 
measure the atomic interaction parameters arising form two- 
body collisions by using similar Ramsey spectroscopic ideas, 
but applied to interacting atoms instead of non-interacting 
ones. The many-body interactions during the free evolution 
build in quantum mechanical correlations between the atoms 
and generates a large amount of entanglement even from an 
initially uncorrelated sample [g]. This scheme provides a 
resolution which is fundamentally limited to A~ 2 , a factor 
of A smaller than the Heisenberg limit achievable with non- 
interacting atoms. Moreover, for initially uncorrelated atoms 
the sensitivity scales as A -1 , implying a gain in resolution by 
a factor of y/~N with respect to the classical shot noise resolu- 
tion. A more general analysis of beyond-Heisenberg scaling 
for multi-body collisions or tensor-field interactions has been 
derived in Ref. ifToh - 

Many-particle entangled states, however, are difficult to 
prepare and maintain since they are extremely fragile: in prac- 
tice, noise and decoherence rapidly collapse entangled states 
into classical statistical mixtures. For example in standard 
Ramsey spectroscopy decoherence destroys the potential gain 
provided by entanglement, and, when it is taken into account 
both initially uncorrelated and maximally entangled states 
provide the same shot noise resolution IU1I1 . Here we show 
that decoherence degrades the sensitivity of our method to 
A -3 / 2 for initially entangled atoms and to A" 3 / 4 for initially 
uncorrelated ones. This scaling is interesting as it demon- 
strates that the entanglement build up by the many -body inter- 
actions helps, even with decoherence, to keep the sensitivity 
achievable with initially squeezed atoms above the maximally 
achievable with initially uncorrelated particles. 

We also discuss physical implementation of our scheme 
using a) spinor Bose- Einstein condensates and b) fermionic 
atoms loaded in optical lattices and compare and contrast the 
advantage and disadvantages of these two possible set-ups. 
The paper is organized as follows. In Sec. II we present our 
interferometry method based on the many-body collective dy- 
namics. In Sec. Ill we apply it to initially uncorrelated states 
and derive the type of initially entangled states that lead to 
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Heisenberg-limited sensitivity. In this section we also pro- 
pose a way to generate such states. In Sec. IV we include the 
effect of decoherence. In Sec. V we discuss the experimen- 
tal implementation of the interferometry method using spinor 
condensates and cold fermionic atoms in optical lattices and 
discuss possible technical limitations. Finally we conclude in 
Sec. VI. 



we denote by |J = %,M) Z that satisfy: J 2 |^,M) Z = 
f (f + l)|f ,M,) Z , and J z \f,M) z = M|f ,M) Z with 
-y < M < f . We refer to the J = N/2 states as the 
V manifold. The quantum numbers J and M are conserved 
during the dynamics, and therefore, if the initial state |<I>o) be- 
longs to V, then the subsequent evolution of the system only 
takes place within V . 



II. INTERFEROMETRIC TECHNIQUE 

Let us consider a collection of N spin- 1/2 interacting parti- 
cles described by the Hamiltonian 



H m — xJ z 



(i) EX 



We used J a to denote the collective spin operators of the N 
atoms: J a = J^i where a = x,y,z and erf is a Pauli 
operator acting on the i th atom. We set h = 1. 

Our interferometric technique follows the same ideas used 
in standard Ramsey spectroscopy, but replaces the free evo- 
lution of the atoms by evolution with H m and the goal is to 
estimate \ as accurately as possible. We start with the initial 
state |$o) and apply a ir/2 rotation to all particles about the 

y axis, \ip(0)} = e n / 2Jy | <I>o) - After letting the system evolve 
for time t under H m , \^(t)) = e~ ltHm |-0(O)>, a second — 7r/2 
pulse is applied, \ipf(t)) = e~ t7T / 2Jy \ip(t)). Finally the col- 
lective spin is measured (J z (t)) = (ipf(t)\J z \ipf(t)) . If this 
scheme is repeated during a total time T the achievable sensi- 
tivity is given by 



t 



(AJ z (t)} 



_ t m)\Aj x m)} 
t (5(j z (t))/6 X ) 2 t (s(m\j,\m)/sxy 



(2) 

with variance A J a = J 2 — (J a ) 2 . 

In contrast to standard Ramsey spectroscopy, which is fun- 
damentally limited by the Heisenberg exclusion principle to 
(tiV) -1 iH [TH per realization, the fundamental limit of this 
scheme is 2/(tN 2 ). This follows from an application of the 
time-energy uncertainty principle: 5t 2 (AH, n ) > 1/4 where 
(AH m ) is the variance of the Hamiltonian and 5t 2 is the 
variance in estimating time from a measurement on the sys- 
tem i25ll . The time-energy uncertainty can be reexpressed as 
Sip 2 (A J 2 ) > 1/4, where (p = xt- We can establish an upper 



limit (AJ 2 ) from (AJ 2 



(j 2 



< 



(7V 4 /16)12j 



This implies 8tp > 2N 2 and therefore a fundamental uncer- 
tainty in determining Sx after a time t of: \8x\ > 2/(tN 2 ). 



III. SPECTROSCOPY 

Let us start by outlining the basic properties of H m . It 
commutes with J 2 and J 2 , so a good basis to describe the 
dynamics is the one spanned by the collective angular mo- 
mentum eigenstates. In the 2 N dimensional Hilbert space, 
there are N + 1 orthogonal fully symmetric states which 



A. Initially uncorrelated atoms 

First, consider the case when the initial state is fully 
polarized along z: |$o) = It'1~) z - After the 
first tt/2 pulse it becomes [-0(0)) - 1 w Nx 

on the state is to imprint a phase xM 2 t to each \N/2, M) z 
component. In the limit of many atoms (N ^> 1) we may 
approximate the sums by integrals assuming M/N is a con- 
tinuous variable and to replace the binomial coefficient by a 
Gaussian distribution with the same width. In this limit {J x )ip 
and ( J 2 ) 4, become 



12' 2 ' x 

The effect of H„ 



{Jx)i/j 



N 



k e -N/2( x t-kwY 



(3) 



fc=0,1.2, 



N2 - N ^ e -*(*-W*)" 1 ^±^ ) 

8 

fe=0,l,2,". 

where we used the notation (A).^, = (ip(t)\A\ip(t)}. The time 
evolution of the signal is a series of equally spaced gaussian 
pulses (see Fig. [TJ. As the system evolves, at first the different 
accumulated phases lead to a collapse of (J x )^. For the initial 
coherent state in consideration, the collapse time, which de- 
pends on its variance, is x^coii ~ 3V" 1 / 2 . The evolution con- 
tinues and at x^rev = tt all the different components rephase 
inducing a perfect revival of the initial state, now with oppo- 
site polarization: (J x )^ = —N/2. Using Eqs. (O and (01 one 
can show that the optimal sensitivity is reached at the points 
with maximal signal intensity, xt = kir. It scales as N^ 1 (see 
Fig.0: 
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opt 



NVTt 



(5) 



B. Initially correlated atoms 

Entangled atomic states (e.g. spin squeezed states) poten- 
tially allow to significantly improve the sensitivity in precision 
measurements. For example, consider the initial state 



l* a (0)> 



f>o) s 



If ,2>*-M 



n/2 



(6) 



Here a is a real number of order unity and N is assumed to 
be even and large. The probability distribution of |<E> a (0)) in 
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FIG. 1: (J x )^/N (solid black line) and J (AX)^ /N (dashed 
red line) as a function of time for a initially polarized state with 
N = 100. In the inset we plot the corresponding sensitivity. The 
horizontal line is at \Sx\o P t given by Eq.((5]l. 
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FIG. 2: {J x )^/N (solid black line) and yj ' (AJ X )% /N (dashed red 
line) as a function of time for an initially squeezed state given by 
Eq.(6) with N = 100 and a = 0.5. In the inset we plot the projection 
probability of |$(0) a ) onto the \N/2, M) a<v basis. 



the {\N/2, M) x } basis is plotted in the inset of Figj2] For 
even M values, the amplitudes are almost constant (except 
for those with \M\ close to N/2), and for odd M values they 
are proportional to a 2 . |<J> a (0)) is a highly squeezed state with 



reduced variance in the z direction: ($ 1 A J z |$o) 
($ \AJ X J$ ) 



N(N+2) 
8 
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Using properties of the Wigner rotation functions, it is pos- 
sible to show that: 



NaV8 MN(xt - tt/2 + kir)} 
1 + « 2 2^ N(xt - n/2 + kn) 



(7) 



fc=0 



N 2 AJ2 



k=0 



Jx[2N{xt-kir/2] 
(2N( X t-kn/2)) 



B, (8) 



with A 



6a z 



N(N+2) 



As 



7V 2 (l+a 2 ) SN " ~ 1+a 2 1 16 

shown in Fig. |2]the system starts at t = with ( J X )S, = 0, 
and during the time evolution ( J x )^ grows while oscillating. 
At \t — ■§ ± 2.29N~ 1 the signal reaches a maximum and 
vanishes again at x t = § ■ Then it evolves with opposite po- 
larization until it returns to the initial state at x t = 7r. Using 
Eqs. (|7]i and ((8), the optimal sensitivity can be shown to be 
reached at x t = kir/2, with k an odd integer (see Figj3]): 



\Sx\% 



opt 



32(1 + a 2 ) 
TtN A ' 



(9) 



These states lead to 1/N 2 sensitivity. 



obtained for a 



The best accuracy is 
Note, 



TtN 1 ■ 



0, in which case | Jxl opt = 

however, that estimating X by measuring J z might be exper- 
imentally impractical due to the fact that not only the signal 
vanishes at x t = kn/2 (regardless of the value of a) but also 
1 5x1 is very sharply peaked at xt = kir/2 and hence very sen- 
sitive to small variations of xt- To overcome this limitation 
we propose, following the ideas exposed in Ref. lfl2ll . to mea- 
sure J 2 instead of J z . In contrast to J z , the average square 

A 2 

signal does not vanishes for finite a (it goes like jf^j) and, 

as shown in Fig. [3j measuring X by means of J 2 provides 
the same N~~ 2 accuracy with the advantage of a broader pro- 
file around the optimal value which becomes slightly shifted 
from X t = kir/2. We calculated \8x\ numerically according 
to Eq. d2J but replacing J z by J 2 . This idea, however, has 
the drawback that \8x\j -^p diverges exactly at xt = kir/2. 
Nevertheless as shown in Fig. 3 this is a extremely narrow 
divergency and almost a one point behavior. 

Let us now discuss how to generate states of the form given 
by Eq.©. These states are highly squeezed, and a robust 
method to generate them can have also applications in Heisen- 
berg limited phase detection lfl2ll . The idea is to adiabatically 
convert | ^, into | ^, 0) z by gradually increasing X t from 



to 1 in the following time dependent Hamiltonian lll5ll : 

Hadi (A t ) = -(J 2 + (l-\ t )uj x + X tX J z 



(10) 



FIG. 3: Optimal sensitivity vs time ( y/T units) for |<J>(0) a ) by mea- 
suring J z (solid black curve) and jj (red dashed line). The left panel 
is without decoherence and the right with decoherence. The horizon- 
tal lines are at |5x|oj>* an d l^xlojrf- Here a = 0.5 and N = 100. 



The first term proportional to £ is required to keep the sys- 
tem within V. As shown in Fig. 4, there is always a finite 
gap between the (non-degenerate) ground state 12711 and the 
lowest excited state, so the adiabatic passage can be satisfied. 
The experimental implementation Eq.dTOil will be discussed in 
Sec.VB 

Once |tt, 0) z is obtained, the |^r, ±2) z components can be 
generated by evolving 0} 2 with the Hamiltonian H2 C t = 
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FIG. 4: Energy gap between the ground and the first excited states of 
Hadi vs At. The insets show the projection probability of the ground 
state into the J z eigenvalues for A t = 0, 0.5 and 1, respectively. 

X = l/2u x 



il; — J_\. As proposed in Ref. 111311 . H-2ct can be imple- 
mented by using two laser beams with frequency difference 
twice the hyperfine level splitting which coherently flips pairs 
of aligned spins l28ll . 



IV. EFFECTS OF DECOHERENCE 

In realistic experiments decoherence effects are inevitably 
present. The main type of decoherence is dephasing due to 
processes that cause random changes in the relative phase of 
the quantum states, while preserving the total atomic popu- 
lation in the atomic levels. Among the mechanisms that re- 
sult in dephasing effects one can consider collisions, stray 
fields, and laser instabilities. We model the phase decoher- 
ence by adding a term to the Hamiltonian given by H env = 
5 Si hi(t)af where hi(t) are independent random gaussian 
varia bles with ze ro mean and white noise correlation func- 
tions hi(t)hj(r) = 2T8ijS(t — r) that represent couplings 
with the environment. Here the bar denotes averaging over 
the different outcomes of the random variables. This model 
is equivalent to considering the time evolution of the reduced 
density operator for a single ion p as given by the master equa- 
tion p = i[p, H m ] - T/2(<j z pa z - p). 

To include the effect of decoherence it is simpler to go to the 
uncoupled basis which diagonalizes both H env andH m . Each 
state in this basis can be label as {|n^ fc ') = |aj, s§, • • • , s^}}, 
where = ±1 and k = 1, . . . 2 N . Using the uncorrected 
nature of the hi variables one can show by straightforward 
calculations that Hill 



(4; 


4>,r 




(4 2 




= e- 2rt 


(4 4 




= e- 4rt 



A 



(JxU,o + git) (J^, 



A 

T 



(ii) 

(12) 

/(*), 



with g(t) 

3JV 2 -2jV 1 1 
16 V 1 



3JV-4 



-2rt 



-4rn 



-4rt\ 



and/(t) = 
Note that these equations are valid for 



an arbitrary initial state. The noise induces an exponential 
decay of the average signal and its higher moments. However, 
unlike the average signal the higher moments are also affected 
by the presence of diffusion terms. 

If we assume an initially coherent state with (J x )ip,o an d 
( Jj)i/> o given by Eqs. (0 and one can calculate from Eqs. 
( fTTT ) and (fl2bthe sensitivity in the presence of decoherence. In 
contrast to the ideal dynamics where the longer the interroga- 
tion time t the better is the phase accuracy, when decoherence 
is accounted for, one has to optimize with respect to both t 
and x4 in order to obtain the best sensitivity. Provided that 
T > 1.6/ (2r), standard minimization yields: 



\Sx\lpt 



at \t w kit ± 



2y/2T {( 



1)V2 



TN 3 / 2 



'opt 



3.sr 

TN 3 / 2 ' 



(13) 



1) and r opt = 2Tt 



opt 



1.6. 



Note that even with initially uncorrelated atoms decoher- 
ence reduces the sensitivity by a factor of N 1 / 4 . This has to 
be contrasted with standard Ramsey spectroscopy done with 
non-interacting atoms, where the phase resolution with ini- 
tially uncorrelated atoms has the same classical shot noise 
resolution so is not too much affected by decoherence. The 
reason of the different behavior is the fact that H m builds up 
particle correlations during the evolution and transforms un- 
correlated states into highly squeezed ones which are vulner- 
able to decoherence. More specifically, as shown in Ref. lfl4ll . 
H m ideally transforms initially coherent states into maximally 
correlated A^-particle GHZ states lfl6ll after a period of evolu- 
tion of \t = tt/2. These states are very fragile and decohere 

times faster than uncorrelated particles. 

Let us now consider the case when the initial state is 
|$ a (0)). Using Eqs. Q and © in Eqs. {TQ and CE2), one 
gets an optimal sensitivity, provided T > T opt /(2T), given 
by: 



\Sx\opt = 



AT(l + a 2 ) 2 e- T °vt 



Ta 2 N 3 



(14) 



at (\t) = kir/2, and r, 



op* = V (i+%n - Ec i- 03 is ver Y 
interesting as it demonstrates that by using many-body inter- 
actions, entangled states can outperform the signal to noise 
limit of classically unentangled states even in the presence of 
decoherence. The sensitivity of the squeezed states is a factor 
A 3 / 4 larger than the maximal achievable with uncorrelated 
atoms, see Eq.(fT3l. In Fig. 3 we plot the optimal sensitiv- 
ity in the presence of decoherence both by measuring J z and 
J 2 . For practical reasons, as the ones discussed above, mea- 
suring J 2 instead of J z might be experimentally convenient 
also with decoherence. Moreover, note that while states with 
a = provide the best accuracy in the ideal dynamics, states 
with a = 1 are optimal with decoherence. 
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V. EXPERIMENTAL IMPLEMENTATIONS 
A. Spinor Condensates 

X Jf describes the spin dynamics of a F = 1 Bose Ein- 
stein condensate, if one associates the internal Mp = ±1 hy- 
perfine states of the atoms as the two states of an effective 
spin- 1/2 particle (the Mp = state can be decoupled by in- 
troducing a detuning much larger than the chemical potential) 
Jgt]. In this system the coupling strength \ is proportional to 
An / {mV)(a^ + an — a^) with a aa i the s wave scattering 
length between particles of type a and a', m the atom mass 
and V the volume. 

Due to the dependence of x on the elastic scattering length 
difference, 5a = on + an — a^, using an inter-state Fes- 
hbach resonance lfl7ll . such as the one predicted between the 
F = 2 and F = 1 states in 87 Rb atoms, one could widely 
tune x by varying an external magnetic field. Close to the Fes- 
hbach resonance there is a singularity in the scattering length, 



(1 - AB/(B - B )) with AB being the reso- 



rt ( B ' 

nance width, B a the zero energy resonance and a b ^ the back 
ground scattering length. This singularity is due to the near 
degeneracy of the collision energy of the atoms with the bind- 
ing energy of an extremely loose diatomic molecular state. 

One can use our spectroscopy technique to measure Sa in 
such system. However, in order for the method to work, it is 
important to reduce two and three body particle losses across 
the resonance, as they can considerably affect the sensitivity. 
We estimate for example the effect of two-body losses by solv- 
ing the following master equation: 



p = i\p, H m ] - y/2(&Cp + p&6 - 2&p6), (15) 

with C = a^ai the operator that destroys a pair atoms in dif- 
ferent spin states and which account for inelastic spin relax- 
ation processes across the resonance. Here the constant 7 is 



related to the two body loss rate density, 7 
satisfies the relation 



2K 2 



N 



K 



V 



2 iV 2 . 



which 



(16) 



K2 depends on the imaginary part of a^ as 167rlm(ajj)/m 
and im(a^i) varies with the applied magnetic field, the dif- 
ference in magnetic moment between the Feshbach resonance 
state and a pair of atoms in the entrance channel, fj, res and the 
inverse molecular lifetime, j res = l/r res , as lfl8tl : 



I \ bg a t-> Ires (4/i res j 

im (aiT ) = fliT AB (B _ Bo)2 + [W(4Aires)]2 . (17) 

In Fig. 5 we summarize our numerical solutions by plotting 
the scaling exponent b of the optimal sensitivity with the initial 
number of atoms, log [Sx I opt /x] = —b\og[N(t = 0)]+const, 
versus 7/x for both initially uncorrected atoms and initially 
squeezed atoms. The plot demonstrates the drastic reduction 
of the sensitivity with 7. For both initially uncorrected atoms 



and initially squeezed atoms one requires to limit 7/x < 0.03 
to have at least shot noise resolution, i.e b = 1/2. 

Experimentally both two and three body particle losses 
contribute. As three body losses scale as the four power of 
the scattering length |fl9?| they decrease faster than two-body 
losses away from the resonance. As such, the sensitivity of the 
method can be optimized by, on one hand, tuning the magnetic 
field far enough from the resonance so that mainly two-body 
losses are relevant and, on the other, by reducing K2 by using 
a very narrow Feshbach resonance, and by considering species 
of atoms that belong to the lowest magnetic manifold so they 
posses long relaxation times. 
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FIG. 5: Scaling exponent b of the optimal sensitivity with the initial 
number of atoms, log[5x|opt/x] = — 61og[iV(t = 0)] + const, vs. 
7/x for both initially uncorrelated atoms (top) and initially squeezed 
atoms (bottom). 



B. Fermionic atoms in optical lattices 

Recently the dynamics of bosonic atoms with two relevant 
internal states loaded in a deep optical lattice has been used 
to perform precision measurements of atomic scattering prop- 
erties JJI]. Explicitly, the experiment detected the modifica- 
tion in the Ramsey fringes caused by frequency shifts induced 
by interatomic interactions in wells occupied with two atoms, 
and used it to measure the elastic scattering length difference. 
As the various wells in the optical lattice behave as indepen- 
dent wells due to the suppressed tunneling between them, the 
experimental phase sensitivity was limited to the shot noise 
resolution associated to statistical fluctuations in a finite num- 
ber of wells. In practice however, the sensitivity was much 
lower due to the two-body losses close to the Feshbach reso- 
nance in the double occupied wells. 

We now discuss how to generalize these ideas by using the 
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collective spin dynamics (instead of the single well one) of 
fermionic atoms in an optical lattice loaded with one atom per 
site. Specifically we demonstrate how to engineer an effec- 
tive J 2 Hamiltonian in such systems. The latter can be used 
to perform measurements of the scattering properties via the 
entanglement dynamics but without the limitation of particle 
losses at the resonance. 

The effective dynamics of a system of spinor ultra-cold 
atoms confined in a unit filled lattice, deep in the Mott In- 
sulator regime ll20ll can be described in terms of effective spin 
operators, crj = n-fj — njj, ct+ = <rj + i&j = aj .ajj-, where 
a a ,j are the annihilation operator of a particle of type a =f, .[ 



<*3 



jd a j are number operators. In such 



at site j, and n 

spin variables the effective Hamiltonian maps to a spin XXZ 
Hamiltonian Il2lll 



Hl a t 

Hh 
H, 



Hh + Hi, 



(18) 
(19) 

(20) 



(i,3) 



Here means that the sum is over nearest neighbors, 

t a are spin-dependent tunneling energies and XJ aa i are on- 
site interaction energies proportional to the s-wave scatter- 
ing lengths between the various components. For fermions 
t/||,C/|l ^S> C/jj due to the Pauli exclusion principle. The 
Heisenberg, Hh, and Ising Hi, coupling constants are given 
by 



A = ± 



IM 



U 



II 



X 



(*TT*i) 



+2 

1 



r i 



2U 



I ! 



u 



1 1 



u 



11 



(21) 



where the upper and lower signs are for fermionic and bosonic 
atoms respectively. 

Using spin dependent optical potentials one can tune the 
various coupling constants and in particular one can engineer 
the condition A ^> x- l n this limit, we may treat the effect 
of the Ising term, Hj, by means of perturbation theory. As- 
suming that at t = the initial state is prepared within the 
J = A/2 manifold, V, a perturbative analysis predicts that 
for times t such that xt < A/x, Hh confines the dynamics 
to V and transitions outside it can be neglected. As a conse- 
quence, only the projection of Hi on it, which corresponds 
to 



Tr-pHi = xJ z + const 



2z X 
N - 1 



(22) 



is effective and Hi acts as a long range Hamiltonian l22tl . In 
Eq. ( f22b z is the number of nearest neighbors. With this effec- 
tive Hamiltonian the spectroscopic method described above 
can be applied in lattice systems to measure interactions. 

Moreover, due to the fact that the large Heisenberg term 
restricts the dynamics to the V manifold, Hh acts as an ef- 
fective J 2 . Therefore, by adding a floJ x term via a Raman 



transition with effective two-photon Rabi frequency fio 02311 
one can also implement in such lattice systems Eq. ( [Tol l. This 
Hamiltonian allows, as described above, for the squeezed state 
preparation. 

The realization of J 2 in unit filled optical lattices has the 
strong advantage that two and three body losses are sup- 
pressed and thus they are not longer a limitation in these sys- 
tems. It is important to note, however, that only fermionic 
atoms can be used if x is going to be tuned by means of a Fes- 
hbach resonance. The reason is that for bosons, as an grows, 
X also grows and at some point the condition A > x is vio- 
lated. On the other hand, for fermions, as an grows, the ratio 
X/x remains constant. 

The drawback of the lattice implementation is the fac- 
tor of A in the denominator of the effective x< because the 
slower dynamics limits the sensitivity of our method. Typi- 
cal experiments that use lattices deep enough for the effective 
spin model to be valid, work in a parameter regime where 
tfti/Uti ~ 10 _1 kHz — 1kHz. Using spin dependent opti- 
cal lattices l23ll one can control the tunneling rates and set 
(if — t|) 2 ~ O.lijij. Additionally close to the resonance 
E/fj, can be enhanced up to about 10 times its off resonance 
value lfl9ll . Therefore the revival time in these set-ups varies 
with the magnetic field between Ax (10 ms - 10 2 ms). Thus, 
in order to keep the measurement time in a reasonable ex- 
perimental time scale, one should limit the experiment to ID 
lattice systems which have of the order of 20 atoms per tube 
l24ll . The scalability problem certainly limits the achievable 
sensitivity. Nevertheless, even with these reduced number of 
atoms, if initially squeezed atoms are used, the phase accu- 
racy 8x1 X ^ a u/ a U ~ 10~ 2 is within the 1% sensitivity 
required to test the proton-electron mass ratio variation on the 
level of 10~ n , in a narrow Feshbach resonance (~ 1 mG)|@]. 



VI. CONCLUSIONS 

In summary, here we proposed an inteferometric method 
that relays on the quantum dynamics of interacting spins to 
perform precision measurements of the scattering properties 
with a resolution fundamentally limited to A" 2 . We dis- 
cussed the class of squeezed states that are required to achieve 
Heisenberg sensitivity and proposed a method for its genera- 
tion. We studied the effect of decoherence and showed that it 
affects the achievable sensitivity even with initially uncorre- 
cted atoms as they become vulnerable due the many-particle 
entanglement builded during the many-body dynamics. We 
also showed that the dynamically induced quantum correla- 
tions help to keep the sensitivity of initially squeezed states 
above the uncorrected atom threshold even with decoherence. 
This has to be contrasted with standard Ramsey spectroscopy 
with non-interacting atoms where all the potential gain in sen- 
sitivity due to initial quantum correlation is lost in the pres- 
ence of decoherence. 

Finally we discussed possible physical implementation 
of the proposed spectroscopy using spinor condensates and 
fermions in unit filled optical lattices. We showed that parti- 
cle losses close to the Feshbach resonance limits the sensitiv- 



7 



ity in the BEC implementation, and thus the use of very nar- 
row Feshbach resonances and atomic species with a large spin 
relaxation time are required to optimize the sensitivity of the 
method. Our implementation of the scheme in optical lattice 
set-ups is insensitive to atomic losses but on the other is lim- 
ited by the slow dynamics. Regardless of such problems, the 
proposed spectroscopy is a new scheme that takes advantages 
of many -particle entanglement to perform high precision mea- 
surements of the interaction parameters in spin mixtures. We 
are optimistic that emerging technology in optical and mag- 
netic Feshbach resonances might overcome the current exper- 
imental limitations in such systems or that new developments 



in the field might provide alternative set-ups for the experi- 
mental application of the presented method and make of it an 
useful spectroscopic technique. 
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